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Abstract
The recently derived expressions for finite gauge transformations in double field theory
with duality group O(d, d) are generalised to give expressions for finite gauge transfor-
mations for extended field theories with duality group SL(5,R), SO(5, 5) and E6. The
generalised metrics are discussed.
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1 Introduction
String theory on a toroidal background gives rise to a double field theory, with fields depending
on a doubled spacetime in which the periodic coordinates xi on the torus are supplemented
by dual periodic coordinates x˜i conjugate to the winding numbers. Key features of double
field theory (DFT) are that T-duality is manifest and the fields depend on all the doubled
coordinates. The double field theory corresponding to the metric, b-field and dilaton of the
bosonic string was derived from string theory in [1] to cubic order in the fields. The full theory
has proved rather intractable, and much work has been done on a small subsector of the theory,
obtained by imposing the ‘strong constraint’, which locally implies that locally all fields and
parameters depend on only half the doubled coordinates. The strongly constrained theory has
been found to all orders in the fields [2, 3], and is locally equivalent to the conventional field
theory of metric, b-field and dilaton, and DFT reduces to the duality-covariant formulation of
field theory proposed by Siegel [4], and can be thought of as a formulation in terms of generalised
geometry [5] - [11]. Further details on the history of DFT relevant here are given in [12] and
reviews and further references are given in [13, 14, 15].
There has been much work on extending this to formulations of supergravity in which U-
duality is manifest. Generalised geometry has a natural action of the continuous group O(d, d)
and in [16, 17] this was generalised to extended geometries in which there is a natural action of a
duality group Ed. Doubled geometry with extra coordinates conjugate to string winding modes
then has a natural generalisation to an extended geometry with extra coordinates conjugate
to brane wrapping modes [18], with a natural action of Ed duality transformations. Extended
field theories (EFT) generalise strongly constrained DFT to a theory on an extended geometry
that is covariant under Ed U-duality transformations [18], [19] - [37]. See [14] for a review and
further references on EFT.
1
DFT was derived for toroidal backgrounds, but the resulting theory has a certian background
independence [3], suggesting that DFT could be apllicable to more general backgrounds. To
address such questions requires a better understanding of transition functions and global struc-
ture, and for this one needs formulae for gauge transformations with finite parameters. The
infinitesimal gauge transformations of DFT or EFT are given by the action of the so-called gen-
eralised Lie derivative. As this is given by the usual Lie derivative in the doubled or extended
spacetime, it is tempting to think of these in terms of some generalisation of a diffeomorphism
in the doubled or extended spacetime. However, the gauge algebra is very different from that
of diffeomorphisms in the extended space, and is in fact locally equivalent to the algebra of dif-
feomorphisms and p-form gauge transformations in the original (unextended) spacetime. There
have been a number of papers seeking expressions for finite gauge transformations in DFT [15],
[38] - [43]. There are a number of problems with some of these proposals, as has been discussed
in [41] and [12]. In particular, the proposal of [38] attempts to realise the gauge transformations
as diffeomorphisms in the doubled space, with novel transformation properties for generalised
tensors. This runs into difficulties as the gauge algebra is not that of diffeomorphisms [12],
and realising b-field transformations as diffeomorphisms of dual coordinates is problematic in
general [41].
In [12], explicit forms were found for finite gauge transformations in DFT that have the
correct gauge algebra, are in agreement with the finite transformations for the metric and b-
field, and which make explicit contact with generalised geometry. The purpose of this paper is
to extend these results to extended field theories with duality group Ed. We will consider the
cases E4 = SL(5,R), E5 = SO(5, 5) and E6; we expect similar results will hold for E7. While
this paper was in preparation, the paper [44] appeared addressing the same question, but using
an approach which appears to suffer from the same issues as the approach of [38].
2 Finite Transformations for Double Field Theory
In this section, we review the results of [12]. Double field theory has fields on a doubled space-
time M with coordinates XM , where the indices M,N = 1, . . . 2D transform covariantly under
the action of O(D,D). Indices are raised and lowered using the constant O(D,D) invariant
matrix ηMN of the form
ηMN =
(
0 1
1 0
)
. (2.1)
The fields and gauge parameters satisfy the ‘strong constraint’ (so that ∂M∂MA = 0 and
∂MA∂MB = 0 for any fields or parameters A and B). It was shown in [2] that the strong
constraint implies that, at least locally, all fields are restricted to a D-dimensional subspace
that is null with respect to η.
Consider a patch U of M with coordinates
XM =
(
xm
x˜m
)
(2.2)
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where m = 1, . . . , D. A generalised vector WM transforms as a vector under O(D,D) and
decomposes as
WM =
(
wm
w˜m
)
, (2.3)
under GL(D,R). The strong constraint is solved by having all fields independent of x˜m so that
∂˜m = 0 (2.4)
on all fields and parameters. Then the fields just depend on the coordinates xm, parameterising
a D-dimensional patch U (which can be thought of as the quotient of U by the isometries
generated by ∂/∂x˜m).
The generalised Lie derivative
LˆVW
M = V P∂PW
M +W P (∂MVP − ∂PV
M) (2.5)
for V M(x),WM(x) then gives
(LˆVW )
m = vp∂pw
m − wp∂pv
m = Lvw
m (2.6)
and
(L̂VW )m = v
p∂pw˜m + w˜p∂mv
p + wp(∂mv˜p − ∂pv˜m) (2.7)
= Lvw˜m + w
p(∂mv˜p − ∂pv˜m) (2.8)
where Lv is the usual Lie derivative on U .
Under an infinitesimal transformation with parameter V M , WM transforms as
δWM = L̂VW
M (2.9)
giving
δwm = Lvw
m (2.10)
δw˜m = Lvw˜m + w
p(∂mv˜p − ∂pv˜m) (2.11)
It will be convenient to rewrite the components of the generalised vector W as
w = wmem w˜(1) = w˜me
m, (2.12)
where em = ∂/∂x
m and em = dxm are the coordinate bases for TU and T ∗U , respectively. Then
the generalised vector can be written as
W = w ⊕ w˜(1). (2.13)
Under an infinitesimal transformation with parameter V , these transform as
δV w = Lvw, (2.14)
δV w˜(1) = Lvw˜(1) − ιwdv˜(1), (2.15)
3
where Lv is a Lie derivative on patch U .
Next, we introduce a gerbe connection B(2) on U ,
B(2) =
1
2
Bmne
m ∧ en, (2.16)
which transforms under the gauge transformation as
δVB(2) = LvB(2) + dv˜(1). (2.17)
Then
wˆ(1) = w˜(1) + ιwB(2), (2.18)
transforms as
δV wˆ(1) = Lvwˆ(1). (2.19)
and so is a 1-form on U , and is invariant under the v˜ transformations. Then
Wˆ = w ⊕ wˆ(1) (2.20)
is a section of (T ⊕ T ∗)U .
The finite transformation of Wˆ is given by
w′(x′) = w(x) wˆ′(1)(x
′) = wˆ(1)(x), (2.21)
where x′(x) = e−v
m∂mx. Using the finite transformation of the coordinate bases
e′m(x
′) = en(x)
∂xn
∂x′m
e′m(x′) = en(x)
∂x′m
∂xn
, (2.22)
the finite transformation of the components of Wˆ are then
w′m(x′) = wn(x)
∂x′m
∂xn
wˆ′m(x
′) = wˆn(x)
∂xn
∂x′m
. (2.23)
The finite transformation of the gerbe connection can be taken to be
B′(2)(x
′) = B(2)(x) + dv˜(1)(x), (2.24)
so that
wˆ′(1)(x
′) = w˜′(1)(x
′) + ιw′B
′
(2)(x
′). (2.25)
This then gives the finite transformations of w˜(1):
w˜′(1)(x
′) = wˆ′(1)(x
′)− ιw′B
′
(2)(x
′),
= wˆ(1)(x)− ιw(B(2)(x) + dv˜(1)(x)),
= w˜(1)(x)− ιwdv˜(1)(x). (2.26)
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To summarise, the transformation of W is given by
w′(x′) = w(x), (2.27)
w˜′(1)(x
′) = w˜(1)(x)− ιwdv˜(1)(x). (2.28)
which implies the components (wm, w˜m) transform as
w′m(x′) = wn(x)
∂x′m
∂xn
(2.29)
w˜′m(x
′) = [w˜p(x)− w
n(x)(∂nv˜p(x)− ∂pv˜n(x))]
∂xp
∂x′m
. (2.30)
3 Finite Transformations for Extended Field Theory
3.1 SL(5,R) Extended field theory
In SL(5,R) extended field theory [21, 30], a generalised vector WM transforms as a 10 of
SL(5,R) where the indices M,N = 1, . . . , 10 label the 10 representation of SL(5,R). It de-
composes under GL(4,R) ⊂ SL(5,R) into a vector and 2-form:
WM =
(
wm
w˜mn
)
, (3.1)
where m,n = 1, . . . , 4 and w˜mn = −w˜nm. The coordinates in a patch U consist of 7 spacetime
coordinates yµ, µ = 0, . . . , 6, together with 10 internal coordinates XM transforming as a 10 of
SL(5,R). This decomposes under GL(4,R) ⊂ SL(5,R) as
XM =
(
xm
x˜mn
)
, (3.2)
where, in a suitable duality frame, xm are the usual coordinates on T 4 and x˜mn are periodic
coordinates conjugate to M2-brane wrapping numbers on T 4. Fields and gauge parameters
depend on both yµ and XM , but we will suppress dependence on yµ in what follows.
The strong constraint of SL(5,R) EFT is given by
ǫiMN ǫiPQ∂M (. . . )∂N(. . . ) = 0, (3.3)
where (. . . ) represents fields and gauge parameters, and the indices i, j = 1, . . . , 5 label the
fundamental representation 5 of SL(5,R). An index M can be regarded as an antisymmetric
pair of indices [m1m2], so that ǫ
iMN = ǫim1m2n1n2. The strong constraint can be solved such
that the fields are independent of wrapping coordinates x˜mn so that
∂˜mn(. . . ) = 0, (3.4)
5
where ∂˜mn = ∂
∂x˜mn
. The gauge transformations of SL(5,R) extended field theory are given by
the generalised Lie derivative, which is defined as
LˆVW
M = V N∂NW
M
−WN∂NV
M + ǫiMNǫiPQ∂NV
PWQ. (3.5)
It is convenient to rewrite the components of the generalised vector as
w = wmem, (3.6)
w˜(2) =
1
2!
w˜mne
m ∧ en. (3.7)
Then the generalised vector W is
W = w ⊕ w˜(2). (3.8)
Under a gauge transformation with gauge parameter V , a generalised vector W transforms as
δVW = LˆVW . (3.9)
This decomposes into
δV w = Lvw, (3.10)
δV w˜(2) = Lvw˜(2) − ιwdv˜(2), (3.11)
where Lv is the ordinary Lie derivative with a parameter v.
Next we introduce a gerbe connection C(3),
C(3) =
1
3!
Cmnpe
m ∧ en ∧ ep, (3.12)
which transforms under a gauge transformation as
δVC(3) = LvC(3) + dv˜(2) . (3.13)
This allows us to define wˆ(2) by
wˆ(2) = w˜(2) + ιwC(3). (3.14)
Under a gauge transformation, this transforms as a 2-form
δV wˆ(2) = Lvwˆ(2) (3.15)
and is invariant under the v˜ transformations. Therefore, Wˆ = w ⊕ wˆ(2) is a section of (T ⊕
Λ2T ∗)U . This allows us to immediately write down the finite transformation of Wˆ , which is
given by
w′(x′) = w(x), (3.16)
wˆ′(2)(x
′) = wˆ(2)(x), (3.17)
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where x′ = e−v
m∂mx.
Using the finite transformation of the coordinate bases given by
e′m(x
′) = en(x)
∂xn
∂x′m
e′m(x′) = en(x)
∂x′m
∂xn
, (3.18)
the finite transformation of the components of Wˆ are then
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.19)
wˆ′mn(x
′) = wˆpq(x)
∂xp
∂x′m
∂xq
∂x′n
. (3.20)
The finite transformation of the gerbe connection can be taken to be
C ′(3)(x
′) = C(3)(x) + dv˜(2)(x), (3.21)
so that
wˆ′(2)(x
′) = w˜′(2)(x
′) + ιw′C
′
(3)(x
′). (3.22)
This then gives the finite transformation of w˜(2):
w˜′(2)(x
′) = wˆ′(2)(x
′)− ιw′C
′
(3)(x
′),
= wˆ(2)(x)− ιw(C(3)(x) + dv˜(2)(x)),
= wˆ(2)(x)− ιwC(3)(x)− ιwdv˜(2)(x),
= w˜(2)(x)− ιwdv˜(2)(x). (3.23)
To summarise, the transformation of W is given by
w′(x′) = w(x), (3.24)
w˜′(2)(x
′) = w˜(2)(x)− ιwdv˜(2)(x), (3.25)
which implies the components (wm, w˜mn) transform as
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.26)
w˜′mn(x
′) =
(
w˜pq(x)− 3w
r(x)(dv˜(2))rpq(x)
) ∂xp
∂x′m
∂xq
∂x′n
, (3.27)
where (dv˜(2))rpq = ∂[rv˜pq].
3.2 SO(5, 5) Extended field theory
In SO(5, 5) extended field theory [20, 32], a generalised vector WM transforms as a spinor of
SO(5, 5), where the indices M,N = 1, . . . 16 label the positive chirality spinor representation.
It decomposes under GL(5,R) ⊂ SO(5, 5) into
WM =

 wmw˜mn
w˜mnpqr

 , (3.28)
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where m,n = 1, . . . , 5, w˜mn = −w˜nm, and w˜mnpqr = w˜[mnpqr].
The coordinates in a patch U consist of 6 spacetime coordinates yµ, µ = 0, . . . , 5, together
with 16 internal coordinates XM transforming as a 16 of SO(5, 5). This decomposes under
GL(5,R) ⊂ SO(5, 5) into
XM =

 xmx˜mn
x˜mnpqr

 , (3.29)
where, in a suitable duality frame, xm are the usual coordinates on T 5 and x˜mn are periodic
coordinates conjugate to M2-brane wrapping numbers on T 5 and x˜mnpqr are periodic coordinates
conjugate to M5-brane wrapping numbers on T 5. Fields and gauge parameters depend on both
yµ and XM , but we will suppress dependence on yµ in what follows.
The strong constraint of SO(5, 5) EFT is given by
γMNa γ
a
PQ∂M (. . . )∂N(. . . ) = 0, (3.30)
where (. . . ) represents fields and gauge parameters, γaMN is a gamma matrix of SO(5, 5) and
a = 1, . . . 10 labels the vector representation of SO(5, 5). The strong constraint can be solved
such that the fields are independent of wrapping coordinates x˜mn and x˜mnpqr so that
∂˜mn(. . . ) = 0 and ∂˜mnpqr(. . . ) = 0, (3.31)
where ∂˜mn = ∂
∂x˜mn
and ∂˜mnpqr = ∂
∂x˜mnpqr
. The gauge transformation of SO(5, 5) extended field
theory is given by the generalised Lie derivative, which is
LˆVW
M = V N∂NW
M
−WN∂NV
M +
1
2
γMNa γ
a
PQ∂NV
PWQ, (3.32)
It is convenient to rewrite the components of the generalised vector as
w = wmem, (3.33)
w˜(2) =
1
2!
w˜mne
m ∧ en, (3.34)
w˜(5) =
1
5!
w˜mnpqre
m ∧ en ∧ ep ∧ eq ∧ er. (3.35)
Then the generalised vector W is
W = w ⊕ w˜(2) ⊕ w˜(5). (3.36)
Under a gauge transformation with gauge parameter V , the generalised vector W transforms
as
δVW = LˆVW, (3.37)
which decomposes into
δVw = Lvw, (3.38)
δV w˜(2) = Lvw˜(2) − ιwdv˜(2), (3.39)
δV w˜(5) = Lvw˜(5) − w˜(2) ∧ dv˜(2). (3.40)
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where Lv is an ordinary Lie derivative with a parameter v.
Next we define a gerbe connection C(3),
C(3) =
1
3!
Cmnpe
m ∧ en ∧ ep, (3.41)
which transforms under a gauge transformation as
δV C(3) = LvC(3) + dv˜(2). (3.42)
This allows us to define wˆ(2) and wˆ(5) by
wˆ(2) = w˜(2) + ιwC(3), (3.43)
wˆ(5) = w˜(5) + w˜(2) ∧ C(3) +
1
2
ιwC(3) ∧ C(3). (3.44)
Under a gauge transformation, these objects transform as a 2-form and a 5-form, respectively,
δV wˆ(2) = Lvwˆ(2), (3.45)
δV wˆ(5) = Lvwˆ(5), (3.46)
and are invariant under the v˜ transformations. Therefore, Wˆ = w ⊕ wˆ(2) ⊕ wˆ(5) is a section of
(T ⊕ Λ2T ∗ ⊕ Λ5T ∗)U . The finite transformations are then
w′(x′) = w(x), (3.47)
wˆ′(2)(x
′) = wˆ(2)(x), (3.48)
wˆ′(5)(x
′) = wˆ(5)(x), (3.49)
where x′ = e−v
m∂mx.
Using the finite transformation of the coordinate bases given by
e′m(x
′) = en(x)
∂xn
∂x′m
e′m(x′) = en(x)
∂x′m
∂xn
, (3.50)
the finite transformation of the components of Wˆ are
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.51)
wˆ′mn(x
′) = wˆmn(x)
∂xp
∂x′m
∂xq
∂x′n
, (3.52)
wˆ′mnpqr(x
′) = wˆstuvw(x)
∂xs
∂x′m
∂xt
∂x′n
∂xu
∂x′p
∂xv
∂x′q
∂xw
∂x′r
(3.53)
The finite transformation of the gerbe connection can be taken to be
C ′(3)(x
′) = C(3)(x) + dv˜(2)(x), (3.54)
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so that
wˆ′(2)(x
′) = w˜′(2)(x
′) + ιw′C
′
(3)(x
′). (3.55)
wˆ′(5)(x
′) = w˜′(5)(x
′) + w˜′(2)(x
′) ∧ C ′(3)(x
′) +
1
2
ιw′C
′
(3)(x
′) ∧ C ′(3)(x
′). (3.56)
This give the finite transformation of w˜(2):
w˜′(2)(x
′) = wˆ′(2)(x
′)− ιw′C
′
(3)(x
′).
= wˆ(2)(x)− ιw(C(3)(x) + dv˜(2)(x)),
= wˆ(2)(x)− ιwC(3)(x)− ιwdv˜(2)(x),
= w˜(2)(x)− ιwdv˜(2)(x). (3.57)
Furthermore, the finite transformations of w˜(5) are
w˜′(5)(x
′) = wˆ′(5)(x
′)− w˜′(2)(x
′) ∧ C ′(3)(x
′)−
1
2
ιw′C
′
(3)(x
′) ∧ C ′(3)(x
′),
= (w˜(5)(x) + w˜(2)(x) ∧ C(3)(x) +
1
2
ιwC(3)(x) ∧ C(3)(x))
−(w˜(2)(x)− ιwdv˜(2)(x)) ∧ (C(3)(x) + dv˜(2)(x))
−
1
2
ιw(C(3)(x) + dv˜(2)(x)) ∧ (C(3)(x) + dv˜(2)(x)),
= w˜(5)(x)− w˜(2)(x) ∧ dv˜(2)(x) +
1
2
ιwdv˜(2)(x) ∧ dv˜(2)(x). (3.58)
To summary, the transformation of W is given by
w′(x′) = w(x), (3.59)
w˜′(2)(x
′) = w˜(2)(x)− ιwdv˜(2)(x), (3.60)
w˜′(5)(x
′) = w˜(5)(x)− w˜(2)(x) ∧ dv˜(2)(x) +
1
2
ιwdv˜(2)(x) ∧ dv˜(2)(x), (3.61)
which implies the components (wm, w˜mn, w˜mnpqr) transform as
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.62)
w˜′mn(x
′) =
(
w˜pq(x)− 3w
r(x)(dv˜(2))rpq(x)
) ∂xp
∂x′m
∂xq
∂x′n
, (3.63)
w˜′mnpqr(x
′) =
(
w˜stuvw(x)− 30w˜[st(x)(dv˜(2))uvw](x) + 15w
l(x)(dv˜(2))l[st(x)(dv˜(2))uvw](x)
)
×
∂xs
∂x′m
∂xt
∂x′n
∂xu
∂x′p
∂xv
∂x′q
∂xw
∂x′r
, (3.64)
where (dv˜(2))rpq = ∂[rv˜pq].
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3.3 E6 Extended field theory
In E6 extended field theory [24, 26, 35], a generalised vector W
M transforms in the fundamental
(27) representation of E6 with M,N = 1, . . . , 27. It decomposes under GL(6,R) ⊂ E6 into
WM =

 wmw˜mn
w˜mnpqr

 , (3.65)
where m,n = 1, . . . , 6, w˜mn = −w˜nm, and w˜mnpqr = w˜[mnpqr].
The coordinates in a patch U consist of 5 spacetime coordinates yµ, µ = 0, . . . , 4, to-
gether with 27 internal coordinates XM transforming as a 27 of E6. This decomposes under
GL(6,R) ⊂ E6 into
XM =

 xmx˜mn
x˜mnpqr

 , (3.66)
where, in a suitable duality frame, xm are the usual coordinates on T 6 and x˜mn are periodic
coordinates conjugate to M2-brane wrapping numbers on T 6 and x˜mnpqr are periodic coordinates
conjugate to M5-brane wrapping numbers on T 6. Fields and gauge parameters depend on both
yµ and XM , but we will suppress dependence on yµ in what follows.
The strong constraint of E6 EFT is given by
cMNRcPQR∂M (. . . )∂N (. . . ) = 0, (3.67)
where (. . . ) represents fields and gauge parameters,and cMNP and cMNP are the E6 invariant
tensors. The strong constraint can be solved such that the fields are independent of wrapping
coordinates x˜mn and x˜mnpqr so that
∂˜mn(. . . ) = 0 and ∂˜mnpqr(. . . ) = 0, (3.68)
where ∂˜mn = ∂
∂x˜mn
and ∂˜mnpqr = ∂
∂x˜mnpqr
. The gauge transformation of E6 extended field theory
is given by the generalised Lie derivative, which is defined as
LˆVW
M = V N∂NW
M −WN∂NV
M + 10cMNRcPQR∂NV
QWR, (3.69)
It is convenient to rewrite the components of the generalised vector as
w = wmem, (3.70)
w˜(2) =
1
2!
w˜mne
m ∧ en, (3.71)
w˜(5) =
1
5!
w˜mnpqre
m ∧ en ∧ ep ∧ eq ∧ er. (3.72)
Then the generalised vector W is
W = w ⊕ w˜(2) ⊕ w˜(5). (3.73)
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Under a gauge transformation with a gauge parameter V , the generalised vector W transform
as
δVW = LˆVW, (3.74)
which decomposes into
δVw = Lvw, (3.75)
δV w˜(2) = Lvw˜(2) − ιwdv˜(2), (3.76)
δV w˜(5) = Lvw˜(5) − w˜(2) ∧ dv˜(2) − ιwdv˜(5). (3.77)
where Lv is an ordinary Lie derivative with a parameter v.
Next we introduce gerbe connections C(3) and C(6),
C(3) =
1
3!
Cmnpe
m ∧ en ∧ ep, (3.78)
C(6) =
1
6!
Cmnpqrse
m ∧ en ∧ ep ∧ eq ∧ er ∧ es, (3.79)
which transform under gauge transformation as
δV C(3) = LvC(3) + dv˜(2), (3.80)
δV C(6) = LvC(6) + dv˜(5) −
1
2
C(3) ∧ dv˜(2). (3.81)
This allows us to define wˆ(2) and wˆ(5) by
wˆ(2) = w˜(2) + ιwC(3), (3.82)
wˆ(5) = w˜(5) + w˜(2) ∧ C(3) +
1
2
ιwC(3) ∧ C(3) + ιwC(6). (3.83)
Under a gauge transformation, these objects transform as a 2-form and a 5-form, respectively,
δV wˆ(2) = Lvwˆ(2), (3.84)
δV wˆ(5) = Lvwˆ(5), (3.85)
and are invariant under the v˜ transformation. Therefore, Wˆ = w ⊕ wˆ(2) ⊕ wˆ(5) is a section of
(T ⊕ Λ2T ∗ ⊕ Λ5T ∗)U . Their finite transformations are given by
w′(x′) = w(x), (3.86)
wˆ′(2)(x
′) = wˆ(2)(x), (3.87)
wˆ′(5)(x
′) = wˆ(5)(x), (3.88)
where x′ = e−v
m∂mx.
Using the finite transformation of the coordinate bases given by
e′m(x
′) = en(x)
∂xn
∂x′m
e′m(x′) = en(x)
∂x′m
∂xn
, (3.89)
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the finite transformations of the components of the Wˆ can be written as
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.90)
wˆ′mn(x
′) = wˆpq(x)
∂xp
∂x′m
∂xq
∂x′n
, (3.91)
wˆ′mnpqr(x
′) = wˆstuvw(x)
∂xs
∂x′m
∂xt
∂x′n
∂xu
∂x′p
∂xv
∂x′q
∂xw
∂x′r
. (3.92)
The finite transformation of the gerbe connections can be taken to be
C ′(3)(x
′) = C(3)(x) + dv˜(2)(x), (3.93)
C ′(6)(x
′) = C(6)(x) + dv˜(5)(x)−
1
2
C(3)(x) ∧ dv˜(2)(x), (3.94)
so that
wˆ′(2)(x
′) = w˜′(2)(x
′) + ιw′C
′
(3)(x
′) (3.95)
wˆ′(5)(x
′) = w˜′(5)(x
′) + w˜′(2)(x
′) ∧ C ′(3)(x
′) +
1
2
ιw′C
′
(3)(x
′) ∧ C ′(3)(x
′) + ιw′C
′
(6)(x
′). (3.96)
This then gives the finite transformation of w˜(2):
w˜′(2)(x
′) = wˆ′(2)(x
′)− ιw′C
′
(3)(x
′).
= wˆ(2)(x)− ιw(C(3)(x) + dv˜(2)(x)),
= wˆ(2)(x)− ιwC(3)(x)− ιwdv˜(2)(x),
= w˜(2)(x)− ιwdv˜(2)(x), (3.97)
and the finite transformation of w˜(5):
w˜′(5)(x
′) = wˆ′(5)(x
′)− w˜′(2)(x
′) ∧ C ′(3)(x
′)−
1
2
ιw′C
′
(3)(x
′) ∧ C ′(3)(x
′)− ιw′C
′
(6)(x
′),
= (w˜(5)(x) + w˜(2)(x) ∧ C(3)(x) +
1
2
ιwC(3)(x) ∧ C(3)(x) + ιwC˜(3)(x))
−(w˜(2)(x)− ιwdv˜(2)(x)) ∧ (C(3)(x) + dv˜(2)(x))
−
1
2
ιw(C(3)(x) + dv˜(2)(x)) ∧ (C(3)(x) + dv˜(2)(x))
−iw(C(6)(x) + dv˜(5)(x)−
1
2
C(3)(x) ∧ dv˜(2)(x)),
= w˜(5)(x)− w˜(2)(x) ∧ dv˜(2)(x) +
1
2
ιwdv˜(2)(x) ∧ dv˜(2)(x)− ιwdv˜(5)(x). (3.98)
In summary, the transformation of W is given by
w′(x′) = w(x), (3.99)
w˜′(2)(x
′) = w˜(2)(x)− ιwdv˜(2)(x), (3.100)
w˜′(5)(x
′) = w˜(5)(x)− w˜(2)(x) ∧ dv˜(2)(x) +
1
2
ιwdv˜(2)(x) ∧ dv˜(2)(x)− ιwdv˜(5)(x), (3.101)
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which implies the components (wm, w˜mn, w˜mnpqr) transform as
w′m(x′) = wn(x)
∂x′m
∂xn
, (3.102)
w˜′mn(x
′) =
(
w˜pq(x)− 3w
r(x)(dv˜(2))rpq(x)
) ∂xp
∂x′m
∂xq
∂x′n
, (3.103)
w˜′mnpqr(x
′) =
(
w˜stuvw(x)− 30w˜[st(x)(dv˜(2))uvw](x) + 15w
l(x)(dv˜(2))l[st(x)(dv˜(2))uvw](x)
−6wl(x)(dv˜(5))lstuvw(x)
) ∂xs
∂x′m
∂xt
∂x′n
∂xu
∂x′p
∂xv
∂x′q
∂xw
∂x′r
, (3.104)
where (dv˜(2))rpq = ∂[rv˜pq] and (dv˜(5))mnpqrs = ∂[mv˜npqrs].
4 Generalised Tensors
In this section, we review the construction of tensors and twisted tensors in DFT of [12] and
then generalise this to EFT .
4.1 Generalised Tensors of Double Field Theory
A generalised vector WM tranforms as a vector under O(D,D), so that under GL(D,R) ⊂
O(D,D) it transforms reducibly as
W → Rˆ(λ)W (4.1)
where λmn ∈ GL(D,R) and
Rˆ(λ) =
(
λ 0
0 (λ−1)t
)
(4.2)
The untwisted version of W is WˆM , which can be written as
Wˆ = LW (4.3)
where
L =
(
1 0
−B 1
)
(4.4)
denotes the matrix with components
LMN =
(
δmn 0
−Bmn δm
n
)
. (4.5)
The transformation of the untwisted vector Wˆ is then
Wˆ ′(X ′) = Rˆ(Λ)Wˆ (X) (4.6)
where
Λmn =
∂x′m
∂xn
. (4.7)
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The coordinate transformation acts only on the x:
XM → X ′M =
(
x′m
x˜′m
)
, (4.8)
with
xm → x′m(x), x˜m → x˜
′
m = x˜m (4.9)
The transformation of the twisted vector W was found by twisting the untwisted transfor-
mation and is
W ′(X ′) = RW (X) (4.10)
where
R = L′(X ′)−1Rˆ(Λ)L(X) = Rˆ(Λ)S (4.11)
and
L′(X ′) =
(
1 0
−B′(x′) 1
)
(4.12)
with B′(x′) given by (2.24), and
S =
(
δmn 0
2∂[mv˜n] δm
n
)
. (4.13)
The matrices R, Rˆ, L, S are all in O(D,D).
Lowering indices with η gives similar formulae for a generalised vector with lower index
UM =
(
u˜m
um
)
. (4.14)
The untwisted vector
UˆM =
(
uˆm
um
)
=
(
u˜m − Bmnu
n
um
)
(4.15)
transforms with
δUˆM = LvUˆM (4.16)
and is invariant under v˜ transformations. Then the untwisted vector is
Uˆ = UL−1 (4.17)
(i.e. UˆM = UN(L
−1)NM ; recall ηLη
−1 = (Lt)−1 as L is in O(D,D)) and transforms under a
finite transformation as
Uˆ ′(X ′) = Uˆ(X)Rˆ−1 (4.18)
where here and in what follows Rˆ = Rˆ(Λ). For the twisted vectors
U ′(X ′) = U(X)R−1 (4.19)
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This extends to arbitrary generalised tensors TMN...PQ.... We define the untwisted tensor
TˆMN...PQ... = L
M
RL
N
S . . . T
RS...
TU...(L
−1)T P (L
−1)UQ . . . (4.20)
which transforms as
Tˆ ′MN...PQ...(X
′) = RˆMRRˆ
N
S . . . T
RS...
TU...(Rˆ
−1)T P (Rˆ
−1)UQ . . . (4.21)
so that the original tensor transforms as
T ′MN...PQ...(X
′) = RMRR
N
S . . . T
RS...
TU...(R
−1)T P (R
−1)UQ . . . (4.22)
Raising all lower indices with η gives a generalised tensor TM1...Mp of some rank p which is a
section of Ep while TˆM1...Mp is a section of (T ⊕ T ∗)p. In particular,
ηˆMN = ηMN (4.23)
as L ∈ O(D,D), and is invariant, η′ = η.
4.2 Generalised Tensors of Extended Field Theory
For each of the extended field theories, a similar structure applies, with matrices L, L′, R, Rˆ, S,
all of which are in the duality group G which is SL(5,R), SO(5, 5) or E6. The untwisted form
WˆM of a generalised vector WM can be written as
Wˆ = LW. (4.24)
The generalised vector transforms as a representation of G and decompose into a reducible
representation of GL(d,R) (where d is the rank of G) under which λ ∈ GL(d,R) acts on W to
give W → Rˆ(λ)W . The transformation of the untwisted vector Wˆ is then
Wˆ ′(X ′) = Rˆ(λ)Wˆ (X) (4.25)
where
Λmn =
∂x′m
∂xn
. (4.26)
The transformation of the twisted vectorW was found by twisting the untwisted transformation
and can be written as
W ′(X ′) = RW (X) (4.27)
where
R = L′(X ′)−1Rˆ(Λ)L(X) = Rˆ(Λ)S (4.28)
where L′ generates shifts of the antisymmetric tensor gauge fields and S is the corresponding
gauge transformation; see below for explicit forms.
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As for the DFT case, this extends to arbitrary generalised tensors TMN...PQ.... We define
the untwisted tensor
TˆMN...PQ... = L
M
RL
N
S . . . T
RS...
TU...(L
−1)T P (L
−1)UQ . . . (4.29)
which transforms as
Tˆ ′MN...PQ...(X
′) = RˆMRRˆ
N
S . . . T
RS...
TU...(Rˆ
−1)T P (Rˆ
−1)UQ . . . (4.30)
so that the original tensor transforms as
T ′MN...PQ...(X
′) = RMRR
N
S . . . T
RS...
TU...(R
−1)T P (R
−1)UQ . . . (4.31)
We now give the explicit forms of the matrices appearing above. For the SL(5,R) case, the
untwisted vector is
WˆM = LMNW
N =
(
δml 0
Clmn δmn
pq
)(
wl
w˜pq
)
, (4.32)
where δmn
pq = 1
2
(δm
pδn
q − δm
qδn
p). For the SO(5, 5) case, the untwisted vector is
WˆM = LMNW
N =

 δml 0 0Clmn δmnpq 0
5Cl[mnCpqr] 10δ[mn
pqCrst] δmnpqr
stuvw



 wlw˜pq
w˜stuvw

 , (4.33)
where δmnpqr
stuvw = δ[m
s . . . δr]
w. For E6 case, the untwisted vector is
WˆM = LMNW
N =

 δml 0 0Clmn δmnpq 0
Clmnpqr + 5Cl[mnCpqr] 10δ[mn
pqCrst] δmnpqr
stuvw



 wlw˜pq
w˜stuvw

 (4.34)
Then the L matrix for the SL(5,R) theory is
LMN =
(
δml 0
Clmn δmn
pq
)
, (4.35)
while for the SO(5, 5) theory it is
LMN =

 δml 0 0Clmn δmnpq 0
5Cl[mnCpqr] 10δ[mn
pqCrst] δmnpqr
stuvw

 (4.36)
and for the E6 theory it is
LMN =

 δml 0 0Clmn δmnpq 0
Clmnpqr + 5Cl[mnCpqr] 10δ[mn
pqCrst] δmnpqr
stuvw

 . (4.37)
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The matrices Rˆ for the SL(5,R), SO(5, 5) and E6 theories are given by
RˆMN =
(
Λml 0
0 (Λ−1)m
p(Λ−1)n
q
)
, (4.38)
RˆMN =

Λml 0 00 (Λ−1)mp(Λ−1)nq 0
0 0 (Λ−1)m
s(Λ−1)n
t(Λ−1)p
u(Λ−1)q
v(Λ−1)r
w

 , (4.39)
RˆMN =

Λml 0 00 (Λ−1)mp(Λ−1)nq 0
0 0 (Λ−1)m
s(Λ−1)n
t(Λ−1)p
u(Λ−1)q
v(Λ−1)r
w

 , (4.40)
respectively.
The L′ matrix for the SL(5,R) theory is
L′MN(X
′) =
(
δml 0
C ′lmn(X
′) δmn
pq
)
, (4.41)
while for the SO(5, 5) theory it is
L′MN(X
′) =

 δml 0 0C ′lmn(X ′) δmnpq 0
5C ′l[mn(X
′)C ′pqr](X
′) 10δ[mn
pqC ′rst](X
′) δmnpqr
stuvw

 (4.42)
and for the E6 theory it is
L′MN(X
′) =

 δml 0 0C ′lmn(X ′) δmnpq 0
C ′lmnpqr(X
′) + 5C ′l[mn(X
′)C ′pqr](X
′) 10δ[mn
pqC ′rst](X
′) δmnpqr
stuvw

 . (4.43)
Finally, the matrix S for the SL(5,R) theory is
SMN =
(
δml 0
−3(dv˜(2))lmn δmn
pq
)
(4.44)
while for the SO(5, 5) theory it is
SMN =

 δml 0 0−3(dv˜(2))lmn δmnpq 0
15(dv˜(2))l[mn(dv˜(2))pqr] −30δ[mn
pq∂rv˜st] δmnpqr
stuvw

 (4.45)
and for the E6 theory it is
SMN =

 δml 0 0−3(dv˜(2))lmn δmnpq 0
−6(dv˜(5))lmnpqr + 15(dv˜(2))l[mn(dv˜(2))pqr] −30δ[mn
pq∂rv˜st] δmnpqr
stuvw

 , (4.46)
where (dv˜(2))rpq = ∂[rv˜pq] and (dv˜(5))mnpqrs = ∂[mv˜npqrs].
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5 The Generalised Metric in DFT and EFT
For DFT and EFT, there is a duality group G (which is O(D,D) for DFT and ED for
EFT) with maximal compact subgroup H . Remarkably, the fields (gmn, Bmn) in DFT and
(gmn, Cmnp, Cmnpqrs) in EFT can be regarded as a field taking values in the coset G/H – the
coset space can be locally parameterised by gmn, Bmn or gmn, Cmnp, Cmnpqrs [16]. A field taking
values in the coset G/H can be represented by a vielbein VAM(X) ∈ G transforming as
V → hVg (5.1)
under a rigid G transformation gNM ∈ G and a local H transformation h
A
B(X) ∈ H . If kAB
is an H-invariant metric (htkh = k for all h ∈ H) then the degrees of freedom can also be
encoded in a generalised metric
HMN = kAB V
A
MV
B
N (5.2)
which by construction is invariant under H transformations.
We now show how the coset is parameterised by the fields (gmn, Bmn) or (gmn, Cmnp, Cmnpqrs).
Let eam be a vielbein for the metric gmn, with
gmn = δab e
a
me
b
n (5.3)
and inverse vielbein ea
m. The indices a, b transform under the tangent space group O(D). Then
the vielbein V can be written in terms of eam and (gmn, Bmn) or (gmn, Cmnp, Cmnpqrs) as
V = hRˆ(eam)L (5.4)
(This can be viewed as a consequence of the Iwasawa decomposition theorem.) Here h ∈ H and
can be chosen to be h = 1 by a local H transformation. The dependence on the gauge fields is
given by the matrix L(B) in DFT and L(C(3), C(6)) in EFT; L is of the form L = 1+N where
N is lower triangular. Finally Rˆ(e) is the matrix Rˆ(λ) given above, with λam = e
a
m and serves
to convert ‘curved’ indices m,n to ‘flat’ indices a, b.
Then the generalised metric is given by
H(V,W ) = Hˆ(Vˆ , Wˆ ) (5.5)
for any generlised vectors V,W , where
Hˆ(Vˆ , Wˆ ) = k(Rˆ(e)Vˆ , Rˆ(e)Wˆ ) (5.6)
Explicitly,
HˆMN = kABRˆ(e)
A
M Rˆ(e)
B
N (5.7)
and
HMN = HˆPQL
P
ML
Q
N (5.8)
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Then HˆPQ is the untwisted form of the generalised metric, and is the natural metric on gener-
alised or extended tangent vectors induced by the metric g for ordinary vectors.
We now show how this works for the cases discussed here. For DFT, we recover the discussion
of [12]. An untwisted vector decomposes as
WˆM =
(
wm
wˆm
)
, (5.9)
so
Rˆ(e)Wˆ =
(
wa
wˆa
)
(5.10)
where as usual
wa = eamw
m, wˆa = ea
mwˆm (5.11)
The metric kAB decomposes under O(D) to give
kAB =
(
δab 0
0 δab
)
(5.12)
so
k(Rˆ(e)Vˆ , Rˆ(e)Wˆ ) = δabv
awb + δabvˆawˆb (5.13)
This is equal to Hˆ(Vˆ , Wˆ ) = HˆMN Vˆ
MWˆN so
HˆMN =
(
gmn 0
0 gmn
)
(5.14)
which is the standard metric on T ⊕ T ∗ induced by the metric g on T . Then the generalised
metric is
HMN = HˆPQL
P
ML
Q
N (5.15)
where L(B) is given by (4.4). This gives the standard result
HMN =
(
gmn − Bmkg
klBln Bmkg
kn
−gmkBkn g
mn
)
(5.16)
Consider now EFT with G = ED for D = 5, 6. An untwisted vector decomposes as
WˆM =

 wmwˆmn
wˆmnpqr

 , (5.17)
so
Rˆ(e)Wˆ =

 wawˆab
wˆabcde

 , (5.18)
with all indices converted to tangent space indices using eam. The metric kAB decomposes
under O(D) to give
k(Rˆ(e)Vˆ , Rˆ(e)Wˆ ) = vawa +
1
2
vˆabwˆ
ab +
1
5!
vˆabcdewˆ
abcde (5.19)
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where indices have been raised or lowered with δab. The matrix can then be written as
kAB =

δab 00 δab,cd 0
0 0 δa1...a5,b1...b5

 (5.20)
where δab,cd = 1
2
δc[aδb]d and a similar expression for δa1...a5,b1...b5 . Then (5.20) is equal to
Hˆ(Vˆ , Wˆ ) = HˆMN Vˆ
MWˆN so
HˆMN Vˆ
MWˆN = vmwm +
1
2
vˆmnwˆ
mn +
1
5!
vˆmnpqrwˆ
mnpqr (5.21)
where indices have been raised and lowered with gmn. The corresponding matrix is
HˆMN =

gmn 00 gmn,pq 0
0 0 gm1...m5,n1...n5

 (5.22)
where glk,mn = 1
2
gm[lgk]n and a similar expression for ga1...a5,b1...b5 . Then HˆMN is the standard
metric on T ⊕ Λ2T ∗ ⊕ Λ5T ∗ induced by the metric g on T .
The generalised metric is then the twisted from of this
HMN = HˆPQL
P
ML
Q
N (5.23)
where L(C(3), C(6)) is given by (4.36) or (4.37). This then gives explicit forms for the generalised
metric, in agreement with [16, 20, 24, 26, 32, 33, 35].
For SL(5,R), there is no C(6) or wˆ(5), but similar fomulae apply with
HˆMN =
(
gmn 0
0 gkl,pq
)
. (5.24)
and (5.8) with L(C(3) given by (4.35) gives the
HMN =
(
gmn + Cm
rsCrsn
1
2
Cm
pq
1
2
Ckln g
kl,pq
)
, (5.25)
recovering the generalised metric given in [16].
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